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SINGULAR VARIETIES 
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Abstract. We present some extensions to singular varieties of effective mem- 
("^ ' bership results previously known in C" or on smooth varieties. In particular, we 

Cn I extend a geometric effective NuUstellensatz due to Ein and Lazarsfeld, and a closely 

^ ■ related result of Hickel for polynomial ideals in C", to singular varieties. These 

Q ' results can be seen as global effective versions of the Briangon-Skoda-Huneke the- 

orem. We also have extensions to singular varieties of classical theorems of Ma^c 
Noether and Macaulay. 
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^ ■ 1. Introduction 

^*-^ I Let y be a reduced n-dimensional subvariety of C^. If Fi, . . . , F^ are polynomials 

1-^ ■ in C^ with no common zeros on V, then by the NuUstellensatz there are polynomials 

C^ , Qj such that ^ FjQj = 1 on y. It was proved by Jelonek, [23], that if Fj have degree 

at most d, then one can find Qj such that 

deg{FjQj)<Cmd''degV, 

^ . where Cm = ^ ^^ ttt- < n, Cm = "^ ^^ m > n, and, throughout this paper, 

rr ■ /u := min(?n,, n). 

^_^ ' Here deg V means the degree of the closure of V in P^ . This theorem generalizes 

Kollar's resuliU) [24j, for V = C" and does not require any smoothness assumptions 

L^ ! on V. The bound is optimao when m < n and almost optimal when m > n. 

However, in view of various known results in the case when V = C", one can expect 
sharper degree estimates if the common zero set of the polynomials Fj behaves nicely 
at infinity in P^. 

More generally one can take arbitrary polynomials Fj of degree at most d and look 



>< 



J, . for a solution Qj to 

^' (1.1) FlQl + ---+i^mQm = $ 

with good degree estimates, provided that the polynomial $ belongs to the ideal (Fj) 
generated by the Fj on V. It follows from a result of Hermann, [20], that one can 
choose Qj such that deg {FjQj) < deg $ + C{d, N), where C{d, N) is like 2{2dy'^-'^ 
for large d, thus doubly exponential. It is shown in [28] that this estimate cannot be 
substantially improved. However, under additional hypotheses on the singularities 
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In Kollar's theorem Cm ~ ^ even for m > n (unless d = 2, cf., [31]) and this estimate is optimal. 
In Kollar's and Jelonek's theorems, as well as in [21], there are more precise results that take 
into account different degree bounds dj of Fj, but for simplicity, in this paper we always keep all 
dj = d. 
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of V and the conimon zero set of the Fj, much sharper estimates are possible. For 
instance, the classical AF + BG theorem of Max Noether reads (originally for n = 2): 
If Fi, . . . ,Fn are polynomials in C" such that their common zero set is discrete and 
does not intersect the hyperplane at infinity, and $ belongs to the ideal {Fj), then 
one can find polynomials Qj such (jl.ip holds and degFjQj < deg^. This result is 
clearly optimal. 

By homogenization, this kind of effective results can be reformulated as geometric 
statements: Let z = (zq, . . . , zn), z' = {zi, . . . , zn), let fi{z) := ZqFj(z'/zo) be the d- 
homogenizations of Fi, and let 97(2:) := Zq^^ ^{z' /zq). Then there is a representation 
(jl.ip on V with deg (FjQj) < p if and only if there are (p — d)-homogeneous forms 
qi on P^ such that 

(1-2) fiqi-\ \- fmqm = z^~'^''^'^ip 

on the closure X of ^ in P . As usual, we can consider fj as holomorphic sections of 
the (restriction to X of the) line bundle 0{d) -^ P^, Zq~ ^^ (/9 as a section of 0{p), 
etc, so that (jl.2p is a statement about sections of line bundles. 

In this paper we present generalizations to singular varieties of some effective 
membership results that are previously known for V = C" or smooth varieties. In 
particular, in Section [2] we present some generalizations of results of Max Noether 
type, but our main results are global effective versions of the Briangon-Skoda-Huneke 
theorem: 

Given x (zV there is a number /xq such that if Fi, . . . , F^ , ^ are any holomorphic 
functions at x, i > 1, and |$| < G\F\'^~^f^^'^'''^^ in a neighborhood of x, where |-Fp = 
1^1 P + ■ ■ ■ + l-PmP and C is a positive constant, then <1> belongs to the local ideal {FjYx 
at X. 

If X is a smooth point, then one can take po = 0; this is the classical Briangon- 
Skoda theorem, [13]. The general case was proved by Huneke, [22], by purely alge- 
braic methods. An analytic proof appeared in [7]. 

Our global formulation involves the following two numbers: Given V C C , n = 
n{y) is the least number such that all holomorphic sections of 0{s) over X extend 
to global holomorphic sections over P for s > k, and u = v{V) is the least number 
such that H^'^{X, 0{s)) = for i > 1 and s > v. See Section [6] for upper bounds of k 
and z^; in particular, they are bounded by the so-called regularity regX of X. When 
X is smooth, by Kodaira's vanishing theorem, z/ is less than or equal to the least 
number a such that 0{a)\x (^ Kx ^^ strictly positive, where Kx is the canonical 
bundle. In particular, \iV = C"^, i.e., X = P", then v = —n. 

Given polynomials -Fi, . . . ,Fm on V , let fj denote the corresponding sections of 
0{d)\x-, and let Jf be the coherent analytic sheaf over X generated by fj. Further- 
more, let Coo be the maximal codimension of the so-called distinguished varieties of 
the sheaf J7/, in the sense of Fulton-MacPherson, that are contained in 

X^:=X\ V, 

see Section [H If there are no distinguished varieties contained in Xqo, then we 
interpret Cqo as —00. It is well-known that the codimension of a distinguished variety 
cannot exceed the number m, see, e.g.. Proposition 2.6 in [15J, and thus 

(1.3) Coo < P- 

We let Z^ denote the zero variety of Jf in X. 
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Theorem 1.1. Assume that V is a reduced n-dimensional algebraic suhvariety of 

(i) There exists a number fiQ such that if Fi, . . . , Fm are polynomials of degree < d 
and ^ is a polynomial such that 

(1.4) |$| < C\F\^'+^'° 
locally on V , then one can solve (ll.ip on V with 

deg{FjQj) < max (^deg^ + {fi + fiQ)d^°° degX,din.in[m,n + I) + v,d+ KJ. 

If X is smooth one can take jjlq = 0. 

(ii) If just V is smooth, then there is a number fi' such that if Fi, . . . ,Fm are poly- 
nomials of degree < d and ^ is a polynomial such that 

(1.5) \^\<C\F\^ 
locally on V , then one can solve (jl.ip on V with 

deg{FjQj) < max (^deg^ + fid'^°° degX + /i', (imin(m, n + 1) + i',d + k). 

There is an analogous result for powers {FjY of (Fj), see Theorem l9.4[ The number 
fi' in (ii) is related to the singularities of V at infinity, in particular one can take 
n' = ii X is smooth, as follows from (i). If V is arbitrary and Z^ n Xging = 0, then 
(i) holds with hq = 0; for a slightly stronger statement, see Remark |9.2[ Notice that 
if there are no distinguished varieties contained in X^o, then d'^°° = 0. 

Remark 1.2. For V = C" Theorem 11.11 gives the estimate 

(1.6) deg{FjQj) < max (deg<l> + ^(i'^°°,(imin(m, n + 1) — n). 

If ?TT, < n it follows from the proof that we have in fact the sharper estimate 

(1.7) deg {Fj Qj ) < deg $ + md''^^ . 

The estimate (II. 6p was proved by Hickel, [21], but with the term min(?TT-, n + l)d^ 
rather than our ij,d'^°° . The ideas in |21j are similar to the ones used in [15]. If 
one applies the geometric estimate in [H] , rather than the (closely related) so-called 
refined Bezout estimate by Fulton-MacPherson that is used in [21], one can replace 
the exponent fi by Cqo- This refinement was pointed out already in Example 1 in 
|15j . The number (n + 1) in the factor min(?n,, n + 1) comes from an application 
of a global Briangon-Skoda type theorem. In our approach we have to annihilate a 
certain current, which is a purely local matter, and therefore it is enough with the 
local Briancon-Skoda power ^. D 

Remark 1.3. If we apply Theorem ll.ll to Nullstellensatz data, i.e., Fj with no common 
zeros on V and <l> = 1, we get back the optimal result of Jelonek, except for the 
annoying factor fi + fiQ in front of d^°° . On the other hand, (/u + fio)d^°° < d^ if 
Coo < fJ- and d is large enough. D 

We have the following more abstract variant of Theorem 11.11 It is a generalization 
to nonsmooth varieties of the geometric effective Nullstellensatz of Ein-Lazarsfeld in 
[T5j (Theorem 110.11 below). Let X be a reduced projective variety. Recall that if 
L — 7> X is ample, then there is a (smallest) number ly^ such that H^{X, L®*) = for 
i > 1 and s > i^l, cf., [26, Ch. 1.2]. 
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Theorem 1.4. Let X be a reduced projective variety of dimension n. There is a 
number /xq, only depending on X, such that the following holds: Let /i, . . . ,/„ be 
global holomorphic sections of an ample Hermitian line bundle L — )• X, and let (p be 
a section of L®*, where s > i'l + niin(?TT-, n + 1). // 

(1.8) \^\ < ci/r+^o, 

then there are holomorphic sections qj of L®*-**"^) such that 

(1-9) fiqi -\ h frnQm = </>• 



If X is smooth we can choose ^o = 0, cf., Theroem llO.il 

Let J'f be the ideal sheaf generated by fj and assume that the associated distin- 
guished varieties Zf^ have multiplicities r^ , cf . , Section [HI If we assume that (j) is in 
nfcJ'(Zfc)'"*^^ '^°\ where J{Zk) is the radical ideal associated with the distinguished 
variety Zk, then (II. 8p holds, and hence we have a representation (II. 9p . 

The following example shows that ^o can be arbitrarily large. 

Example 1.5. Let X be the cusp {zIzq~ — zf = 0} C P^, where p > 2 is odd. Then 

the sections f = Z2 oi L := 0(1) and = z'^'^zi of L®' satisfy \cp\ < C|/| V on X 
as soon as s > 2. However, cf) is not in (/) on X at the singular point {zi = Z2 = 0} 
nor at {zq = Z2 = 0} (unless p = 3). 

One can check that the local Briangon-Skoda number at {zi = Z2 = 0} is ^^^ i.e., 
2^ is the smallest number /Iq such that IV'I ^ C'ls'l"'^^^" implies that the germ Tp is in 
the local ideal generated by g on Xr2^=^2=o}- Similarly the Briangon-Skoda number 
at {zo = Z2 = 0} is p (p-3)(p-i) ]. It follows that ^o > max(£^, p (p-3)(p-i) ^). ^^ f^^^, 

Mo = max(£^,r^^4^1). 

From Example 6.2 we know that U]^ < p — 2. One can check that (jl.Sp (at 
■^0 = -22 = 0) for our given / and (p implies that s > z^x + 1, so that the hypothesis 
on s is vacuous in this case. D 

Given V C C^, let fJ-o{V) be the smallest number such that for any polynomials 
Fj and $, |$| < C|F|^+^"(^) locally on V implies that $ G (F^) on F, e.g. fioiizf - 
^2 ~ ^}) ~ ^^' *^^-' Example 11.51 As in the example the /io associated with the 
closure X G P has to be at least fiQ{V). Indeed, if <I> satisfies (jl.4p on V, then the 
homogenization (p = Zq~ '^^ (p satisfies (jl.Sp if s is large enough. Thus Theorem 11.41 
gives a solution to (jl.9p on X; in particular $ € (^j)- 

The starting point for the proofs of Theroems 11.11 and 11.41 is the framework intro- 
duced in [2], and further developed in [S], for polynomial ideals in C". In [32j and 
|33) these ideas are adapted to toric compactifications of C" other than P", which 
leads to "sparse" effective membership results. In our case, let us first assume that 
X is a smooth projective variety and that /i, . . . , /^ are sections of an ample line 
bundle L ^ X with common zero set Z^ . From the Koszul complex generated by 
the fj we define a current R^ with support on Z^ and taking values in (a direct sum 
of) negative powers of L. If (/> is a section of L®"*, vanishing enough on Z' so that 
the current R-'cp vanishes, and if in addition L®'^ is positive enough so that a certain 
sequence of 5-equations can be solved on X, we end up with a holomorphic solution 
q = (gi, . . . , qm) to (|1.9I) . The tricky point here is to verify, by means of multivariable 
residue calculus, that (p annihilates -R-'^, i.e., R-^^cp = 0. 
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The main novelty in this paper is an extension of this framework to singular X. 
In this case we need an embedding i: X ^ Y oi X into a smooth manifold Y . In 
Y we define a residue current R^^ obtained from a free resolution of the ideal sheaf 
Jx associated with X, and the "product" current R^ AR'^^ . If all data, i.e., L, fj, 
and (j), admit extensions to Y, which is the case in Theorem II. H then we can proceed 
basically as before, showing that (p annihilates R^AR"^^, solving 5-equations in Y 
and ending up with a holomorphic solution to ()1.9p . Via an additional trick it is in 
fact enough to solve (9-equations on X, so that we can avoid relying on vanishing 
theorems on Y. This is described in Section [5l In the proof of Theorem 1 1 . 4 1 additional 
difficulties arise, since we have no a priori extensions to a smooth manifold Y. 

The organization of the paper is as follows. In the next section we present some 
generalizations of the Max Noether theorem. In Sections [3] to [5] we provide some 
background on residue currents and preliminary results. In section [6] we give upper 
bounds for the numbers k and v in Theorem ll.il Finally the proofs of Theorems ll.il 
and 11.41 are gathered in Sections [7] to [101 together with some further results and 
comments. 

2. Results of Max Noether and Macaulay type 

Again let V be an algebraic subvariety of C of pure dimension n. In the results 
discussed so far we have assumed that $ is in the ideal {Fj ) by virtue of a Briangon- 
Skoda-Huneke condition. In this section we consider results where the polynomial 
$ a priori is just assumed to belong to the ideal (Fj) on V. To get good degree 
estimates one then must impose geometric restrictions on Z-* , as well as on X when 
it is nonsmooth. Classical examples of such results are Max Noether 's theorem, ^29j, 
already mentioned in Section [T] and Macaulay's theorem, |27] : 

If the polynomials Fi, . . . ,Fm of degree < d in C" have no common zeros in P", 
then there are polynomials Qj such that FiQi + • • • + FmQm = 1 o-nd degFjQj < 
d{n + 1) — n. 

As before, let X be the closure of V in P^. For the formulation of our first result 
we have to introduce certain intrinsic subvarieties 

x"-^ C • • • C X^ C X° C X, 

of X that refiect the complexity of the singularities of X; for the definition, see 
Section [3.61 In fact, X^ = Xgi^g and X are BEF varieties, see below, of the sheaf 
J'x in P . In particular, codimX > £ + 1, £ > 0. Our result can be seen as a 
generalization of Max Noether's (and Macaulay's) theorem. As in that theorem the 
dimension of Z-* is assumed to be as small as possible in V, i.e., codimZ-' > m, 
whereas at infinity we only require Z-' not to intersect Xsing too "much" . 

Theorem 2.1. Assume that V is an algebraic subvariety of C and let X be its 
closure in P . Let Fi, . . . , F^ be given polynomials of degree < d such that 

(2.1) codim Z-^ n y > m. 
Furthermore, assume that 

(2.2) codim{Z-f nX^)>m + i + l, £>0. 

If ^ ^ (Fj) on V, then there is a representation (II. ip on V with 

deg{FjQj) < inax{deg^ + fj,d'^°° degX,duim{m,n + 1) + iy,d + k). 
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Notice that (j2.2p forces that either Z^ nXging = or m < n. Recall that Cqo < m- 
If X is smooth, then (j2.2p is vacuous. If Z' has no irreducible component contained 
in Xoo at all, then dP'^ = 0. 

Corollary 2.2. Assume that X is smooth, m <n, codimZ-'^ > m, and Z^ has no 
irreducible component contained in X^ . If ^ is a polynomial that belongs to the ideal 
(Fj) in V, then there is a representation (jl.ip with 

(2.3) deg (FjQj) < max (^deg^, dm + z/, d + k) . 

If V = C", and m < n, one can replace dm + i/ by zero since then there are 
no 9-cohomology obstructions, and k = — oo, so the right hand side of (j2.3p is just 
deg$. This case appeared already in [2]. If m = n, and thus Z-' is discrete, we get 
back the classical theorem of Max Noether. 

Corollary 2.3. If Z^' is empty, then there are polynomials Qj such that ^FjQj = 1 
on V and 

deg (FjQj) < max{d{n + 1) + z^, d + k). 

Recall that if F = C", then i/ = — n, cf., the introduction, and k = — oo so we get 
back Macaulay's theorem. 

The principal condition in the previous theorem was assumption ()2.ip . We have a 
similar result even when this condition is not fulfilled. For simplicity we restrict to 
the case when X is smooth. 

Assume that the variety Z^ C X associated with J'f has codimension p. There 
are intrinsic analytic varieties 

• • • ^fe+i c Z^, C ■■■ C Z^ C Zq = z^ 

that we call BEF varietie^, and that reflect the complexity of JT/, see Section [3.41 
The codimension of Z^'^^ is at least k, and if the local ideal J'f^x at x has codimension 
p, then Zp^^ = Z\^'^. Furthermore, J^^x is Cohen-Macaulay if and only if Z^^^. = for 
k > p, see [16] . 



Theorem 2.4. Assume that V is an algebraic subvariety of C such that its closure 

ybe 



X is smooth in P . For given polynomials Fi, . . . , F^ let Z^ be the BEF varieties 



associated with Jj, and assume that 

(2.4) codim {X^o D ZJ^"^) >k + l, k>l. 

Then there is a constant (5 = /3{X, Fi, . . . , Fm) such that if ^ G {Fj), then there is a 
representation ()l.ip on V with 

deg{FjQj) < uia.x(deg ^ , (3) . 

This estimate is clearly sharp if deg $ > /3. If the ideal sheaf J'j is locally Cohen- 
Macaulay, for instance locally a complete intersection, then (12. 4[) just means that 
no irreducible component of Z^' is contained in X^o. In special cases we have good 
control of /3, see Section [7] below. In particular, we get back Corollary 12.21 and a 
smooth version of Corollary 12.31 



The sets Zj.° are the zero varieties of certain Fitting ideals associated with a free resolution 
of O'^ I Jf, the importance of these sets (ideals) was pointed out by Buchsbaum and Eisenbud in 
the 70's. We have not seen any notion for these sets in the literature, and "Buchsbaum-Eisenbud 
varieties" is already occupied for another purpose, so we stick to BEF as an acronym for Buchsbaum- 
Eisenbud-Fitting. 
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3. Some preliminaries on residue theory 

Let X be a reduced projective variety of pure dimension n. The sheaf Ci^k of 
currents of bidegree {i, k) on X is by definition the dual of the sheaf £n-e,n-k of 
smooth (n — i,n — /c)-forms on X. If i: X ^ Y is an embedding in a smooth 
manifold Y of dimension A^, then £n-i,n-k can be identified with the quotient sheaf 
^^_£„_fc/Ker z*, where Kerz* is the sheaf of forms ^ on y such that i*^ vanish on 
Xreg. It follows that the currents r in Ci^k can be identified with currents r' = i^r 
on Y of bidegree {N — n + i,N — n + k) that vanish on Ker i*. 

Given a holomorphic function / on X, we have the principal value current [1//], 
defined for instance as the limit 

limx(l/lVe)7> 

where x(^) is the characteristic function of the interval [l,oo) or a smooth approxi- 
mand of it. The existence of this limit for a general / relies on Hironaka's theorem 
that ensures that there is a modification tt: X — ?> X such that n* f is locally a mono- 
mial. It also follows that the function A -^ |/p'^(l//), a priori defined for Re A >> 0, 
has a current- valued analytic continuation to Re A > — e, and that the value at A = 
is precisely the current [1//], see, for instance, [llj or [12J. Although less natural at 
first sight, this latter definition via analytic continuation turns out to be much more 
convenient. The same idea will be used throughout this paper. For the rest of this 
paper we skip the brackets and write just 1//. It is readily checked that 

(3.1) fj = l, fdj = 0. 

3.1. Pseudomeromorphic currents. In [91 we introduced the sheaf VAi of pseu- 
domeromorphic currents on a smooth manifold X. The definition when X is singular 
is identical. In this paper we will use the slightly extended definition introduced in 
[6] : We say that a current of the form 

i AaJ- 

•^i ■ ■ ■ S„_i 6„ 

where s is a local coordinate system and .^ is a smooth form with compact support, is 
an elementary pseudomeromorphic current. The sheaiVM. consists of all possible (lo- 
cally finite sums of) push- forwards under a sequence of maps X"^ -^ ■ ■ ■ -^ X^ — ^ X, 
of elementary pseudomeromorphic currents, where X™ is smooth, and each mapping 
is either a modification, a simple projection X x Y ^>- X, or an open inclusion, i.e., 
X^ is an open subset of X^~^. 

The sheaf VM is closed under d (and d) and multiplication with smooth forms. 
If T is in VA4 and has support on a subvariety V and r/ is a holomorphic form that 
vanishes on V, then ryAr = 0. We also have the 

Dimension principle: If t is a pseudomeromorphic current on X of bidegree {*,p) 
that has support on a variety V of codimension > p, then r = 0. 

If r is in VA4 and ^ is a subvariety of X, then the natural restriction of r to the 
open set X\V has a canonical extension as a principal value to a pseudomeromorphic 
current 1x\vt on X: Let h he a holomorphic tuple with common zero set V. The 
current-valued function A i-^^ j/ip^r, a priori defined for Re A >> 0, has an analytic 
continuation to Re A > — e and its value at A = is by definition 1x\vt, see, e.g.. 
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[9] . One can also take a smooth approximand x of the characteristic function of the 
interval [1,cxd) and obtain lx\y" as the limit of x(|^P/e)T when e — )• 0. It follows 
that lyr := r — l^vyT is pseudomeromorphic and has support on V . Notice that if a 

is a smooth form, then lyaAr = aAlyr. Moreover, If vr: X — t- X is a modification, 
T is in ■PA4(X), and r = tt^kT, then 



(3.2) lyr = vr* 



ly/ 



for any subvariety V <Z X. There is actually a reasonable definition of IvyT for any 
constructible set W ^ and 

(3.3) liylvK'T = IwnW'T- 

Recall that a current is semimeromorphic if it is the quotient of a smooth form 
and a holomorphic function. We say that a current r is almost semimeromorphic in 
X if there is a modification vr : X — )• X and a semimeromorphic current f such that 
T = vr^f. Analogously we say that r is almost sm,ooth if r = vr^f and f is smooth. 
Any almost semimeromorphic (or smooth) r is pseudomeromorphic. 

3.2. Residues associated w^ith Hermitian complexes. Assume that 

(3.4) ^ Em ^ ■ ■ ■ ^ E2 ^ El ^ Eo ^ 

is a generically exact complex of Hermitian vector bundles over X and let Z be 
the subvariety where (|3.4p is not pointwise exact. The bundle E = (BEk gets a 
natural superbundle structure, i.e., a Z2-grading, E = E~^ © E~ , E~^ and E~ being 
the subspaces of even and odd elements, respectively, by letting E~^ = ®2kEk and 
E~ = ®2k+iEk- This extends to a Z2-grading of the sheaf C,(£') of £'- valued currents, 
so that the degree of ^ ® e is the sum of the current degree of ^ and the degree of 
e, modulo 2. An endomorphism on C,{E) is even if it preserves degree and odd 
if it switches degrees. The mappings f '■= ^ fj and d are then odd mappings on 
C,{E). We introduce V = V/ = / — 5; it is just (minus) the (0, l)-part of Quillen's 
super connection D — B. Since the odd mappings / and B anti-commute, V^ = 0. 
Moreover, V extends to an odd mapping VEnd on C,{EndE) so that 

(3.5) v(ae) = VEnda-e+(-l)'''^"aVC 

for sections ^ and a of £^ and EndE, respectively, and then V|^j = 0. In X \ Z we 
define, following ^ Section 2], a smooth Endi?- valued form u such that 

^EndU = I, 

where I = Ie is the identity endomorphism on E. We have that 

^ = E^' = E E ^fc' 

e e k>e+i 

where uf. is in £'o,fc_^_i(Hom (£'^,5'^)) over X \ Z. Following fSjj we define a pseu- 
domeromorphic current extension U oi u across Z, as the value at A = of the 
current-valued analytic function 

X^U^ ■- \F\^^u, 



The definition is the same when X is singular. 
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a priori defined for Re A >> 0, where F is the tuple /^. In the same way we define 
the residue current R associated with (13.41) as the value at A = of 



A ^ i?^ := (1 - |F|2^)/ + d\F\'^^Au. 
This current clearly has its support on Z, and 

R = ^R^ = Y1 Yl ^k, 

e I k>e+i 

where R^. is a Horn (ii^^, ii^^)- valued (0,A; — ^)-current. The currents U^ and U^ are 
defined analogously. Notice that U has odd degree and R has even degree. By 
the dimension principle, R^. vanishes if k — £ < codimZ. In particular, Rq = {1 — 
\F\ )Ieo\\=o is zero, unless some components W of Z has codimension 0, in which 
case Rq is the characteristic function for W times the identity Ieq on Eq. However, 
when we define products of currents later on, all components of R^ may play a role. 
Since VEndf^^ = I — R^ and VEnd-^^ = when Re A >> 0, we conclude that 

(3.6) S/EndU = I-R, S/EndR = 0. 

In particular, if ^ is a section of E 

V(C/^) = e - RA^. 

Also, (13. 6p means that, cf. (13. Sp . 

f'U^ = lEo, f''^'u'k+i-dU',=Rt; k>l. 

Notice that when cj) is a section of Eq, then R^cf) = Rep and U^cp = U(j), and we will 
often skip the upper indices. 

Example 3.1 (The Koszul complex). Let /i,...,/m be holomorphic sections of a 
Hermitian line bundle L ^>- X. Let E^ be disjoint trivial line bundles with basis 
elements Cj and define the rank m bundle 

E = L-^®E^®---®L-^®E'^ 

over X. Then / := X] fo^% where e*, is the dual basis, is a section of the dual bundle 

E* = L(Si (E'^y © • • • © L (g) (E"^)*. If 5 -> X is a Hermitian hue bundle we can form 
a complex (j3.4p with 

Eo = S, Ek = S® k^E, 
where all the mappings f^ in ()3.4p are interior multiplication 5f with the section /. 
Notice that 

Ek = S®L-^(^ K^{E^ © • • • © E"^). 

The superstructure of ®kEk in this case coincides with the natural grading of the 
exterior algebra AE of E modulo 2. 

Let us recall how the currents U^ and R? are defined in this case. For simplicity 
we suppress the upper indices throughout this example. We have the natural norm 

on E* . Let a be the section of E over X \ Z of pointwise minimal norm such that 
/ . o- = (5/0- = 1, i.e.. 
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where /* are the sections of L^^ of minimal norm such that /j/,* = IIjIl- 

Let us consider the exterior algebra over E © T*{X) so that dzjAei = —eeAdzj 
etc. Then, e.g., da is a form of positive degree. We have the smooth form u = Y^ Uk, 
where Uk = (J/\{da) , in X \ Z, and it turns out that it admits a natural current 
extension U across Z, e.g., defined as the analytic continuation of U^ = |/P'^m to 
A = 0. Furthermore, the associated residue current R is obtained as the evaluation 
at A = of 

1 - l/l'^ + d\f\^^AUi + ■■■+ d\f\^^Au^,^^rn,n) =: R^ + R^ + ■ ■ ■ + <in(^,„) • 

The existence of the analytic continuations follows from a suitable resolution X ^- X, 
see pTj, see also Section [8] below. D 

3.3. The associated sheaf complex. Given the complex l\3A\i we have the asso- 
ciated complex of locally free sheaves 

(3.7) ^ 0{Em) ^ . . . ^ 0{E2) -U 0{Ei) A OiEo). 

In this paper Eq is always a line bundle so that J^ := Im/^ is a coherent ideal sheaf 
over X. 

Consider the double sheaf complex M.£^k '■= Co^ki^^) with mappings / and d. We 
have the associated total complex 

V f V f V f 

...^Mj^ M,-i -A... , 

where ^Aj = ®i-k=j-M.i,k- If ^ is smooth, then Mi^k is exact in the ^-direction 
except at /c = 0, and the kernels there are 0{Ei). Notice that if (j) is in 0{Ei) and 
f (j) = 0, then also V/(/) = 0. We therefore have a natural mapping 

(3.8) W{0{E,))^W{M,). 

By standard homological algebra, (|3.8p is in fact an isomorphism. We can also con- 
sider the corresponding sheaf complexes Mff^ := £o^k{Ee), A4^ of smooth sections, 
and the analogue of (j3.8p is then an isomorphism as well. 

Lemma 3.2. Assume that X is smooth. If (j) is a holomorphic section of Eq that 
annihilates R, i.e., R(j) = 0, then (p is in J . 



Proof. In fact, by (j3.6p we have that 

Since X is smooth, ()3.8p is an isomorphism, and thus locally (j) = f^tp for some 
holomorphic ip, i.e., (j) is in J. D 

The smoothness assumption is crucial, as the following example shows. 

Example 3.3. Let / be one single function. Then the residue condition Rep = means 
that d{(j)/f) = 0. Thus ip = cp/ f is in the Barlet-Henkin-Passare class, cf., [I9] and 
[6]; however in general ip is not (strongly) holomorphic, i.e., in general (p is not in 
J=if)- □ 
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We shall now see that if X is smooth and there is a global current solution to 
VW = (p, then there is also a smooth global solution. For further reference however 
we need a slightly more general statement about of the associated complex of global 
sections. Let A^^^fc(X) and A4fj^{X) be the double complexes of global current valued 
and smooth sections, respectively, and let A4,(X) and Ai,{X) be the associated total 
complexes. Notice that we have natural mappings 

(3.9) W{M^,{X))^W{M.{X)), jel. 



Proposition 3.4. // X is smooth, then the mappings (|3.9p are isomorphism,s. 

Proof. By the de Rham theorem, the natural mappings 

(3.10) H\£Q^,{X,Ei))^H\CQ,,{X,Ei)), A; G Z, 

are isomorphisms; these spaces are in fact naturally isomorphic to the cohomology 
groups H^{X,0{E()). The short exact sequence 

^ Mi{X) -^ M,{X) -^ M,{X)/Ml{X) -^ 

gives rise to, for each fixed ^, the long exact sequence 

. . . ^ H^-\8o,,{X,Et)) ^ i/'=-HCo,.(X, E,)) ^ 

H^-\Co,,{X,E,)/£^^,{X,E,)) ^ H\£^,,{X,E,)) ^ ... , 

and in view of (|3.10p therefore the cohomology in the /c-direction of 7Vl^_fc(X)/A^f ^(X) 
is zero. By a simple homological algebra argument, using that the the double com- 
plexes involved are bounded it follows that 

H''{M,{X)/Mi{X)) =0 

for each k. The proposition now follows from the long exact sequence 

. . . ^ H^'^{Ml{X)) -^ H'''\M,iX)) -^ 

H^-^{M,{X)/Mi{X)) -^ H^{Ml{X)) ^ ... . 

D 

3.4. Duality principle and BEF varieties. We now consider the case when the 
locally free complex ()3.7p is exact, i.e., a resolution of the sheaf 0{Eq)/ J . Let Z|?°^ 
be the (algebraic) set where the mapping / does not have optimal rank. These 
sets Z^°^ are independent of the choice of resolution; we call them the BEF varieties 
associated with J, cf.. Section [2j It follows from the Buchsbaum-Eisenbud theorem 
that codimZ^''^ > k. If moreover J has pure dimension, for instance J is the 
radical ideal sheaf of a pure-dimensional subvariety, then codimZ^°^ > k + 1 for 
k>\ + codim J', see [16]. 

We will refer to a (locally free) resolution 0{Eq)I J together with a choice of 
Hermitian metrics on the corresponding vector bundles -E^ as a Hermitian (locally 
free) resolution. Then by [8l Theorem 3.1], we have that R^ = for each £ > 1, 
i.e., R = R^. Moreover, there are almost semimeromorphic Horn. {Ei^, Ef^^i) -valued 
(0, l)-forms Ofc+i, that are smooth outside Zj^°^-^, such that 

Rk+i = ak+iRk 
there, see [8]. From [8] we also have the 
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Duality principle: If X is smooth and ()3.7p is a resolution of the sheaf 0{Eq)/J', 
then (j) ^ J if and only if R(j) = 0. 

That is, the annihilator ideal sheaf of the residue current R is precisely the ideal 
sheaf J generated by /^. 

If for instance /^ = {fi, . . . , fm) defines a complete intersection, i.e, codim Z-f = m, 
then the Koszul complex is a resolution of J^ and hence the duality principle states 
that the annihilator of the residue current in Example 13.11 is the ideal itself. This 
special case was proved already in [30]. 

3.5. Tensor products of complexes. Assume that Eii,g and Ej^, h are Hermitian 
complexes. We can then define a complex Ei = E^ -E, , /, where 

Ef= ^Ef^E^, 

i+j=k 

and f = g + h, or more formally f = g (^ I^h + Ieb ^ h, such that 

(3.11) fi^®r])=gC®r]+{-lf''^^C0hr]. 

Notice that E^ is the line bundle E^ O Elj. If g^'OiEf) = Jg and h^O{E^) = Jh, 
then f^O{E[) = Jg + Jh- One extends p. lip to current-valued sections ^ and 77, 
and deg^ then means total degree. We write ^ • ??, or sometimes ^Ary to emphasize 
that the sections may be form- or cur rent- valued, rather than ^ <^r], and define 

(3.12) r]-C = {-lf''^^'^''^'^^-V- 
Notice that 

Let u^ and u be the corresponding End(£^^)-valued and End(-E' )-vaIued forms, cf.. 
Section [3121 Then u Au^ is a End (^J-*)- valued form defined outside Z^UZ . Following 
the proof of Proposition 2.1 in f9] we can define End(£''' )-valued pseudomeromorphic 
currents 

U^AR9 ■= U^'^AR3\x=o, R^AR^ := R^'^hR^\x=Q- 
We have that, cf., dMD and H Section 4], 

VEnd,/(f/'^Ai?5 + U9) = Iei - R'^AR^^. 

In general, the current R AR^ will change if we interchange the roles of g and h. 

In particular we can form the product E, (g) £", of -B, by itself. In this case we 
consider ()3.12p as an identification, so that, for instance, 

(E': E% = E^^E^, {E^ (g) E^ = El(g)El^ + A^S^ 

etc, where (8) denotes symmetric tensor product. In general, ^ • ^ = if ^ has odd 
(total) degree. 

We can just as well form a similar product of more than two complexes, and in 
particular, we can form the product (^E )'^ = E (^E (8) • • -^E of a given complex 
by itself. 
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3.6. The structure form cj on a singular variety. Let i: X —^ Y he an embed- 
ding of X in a smooth projective manifold Y of dimension N, let J'x be the radical 
ideal sheaf associated with X in Y, and let S" ^ y be an ample Hermitian line 
bundle. Moreover, let E-j^ be disjoint trivial line bundles over Y with basis elements 
efcj. There is a (possibly infinite) resolution, see, e.g., [26, Ch.l, Example 1.2.21], 

(3.13) . . . ^ 0{E2) -^ 0{Ei) A OiEo) 

of 0{Eo)/Jx = O^, where Ek is of the form 

Ek = {El ® s-'^'^) e • • • e {El'= (g) s-^'), Eo = El ~ C, 

E^. are trivial line bundles, and 



are matrices of sections 



g'^^eOiY,S<-^^~^); 



here et ,• are the dual basis elements. There are natural induced norms on Eu. 

n 
The associated residue currenio R is annihilated by all smooth forms ^ such that 

i*^ = 0. Let i? be a global nonvanishing (dim y, 0)-form with values in Ky ■ By [6l 

Proposition 16] there is a (unique) almost semimeromorphic current a; on X, smooth 

on Xreg, such that 

(3.14) uuj = RhQ. 

We say that cj is a structure form on X. 

As an immediate consequence of the existence of w, the product a/\R is well- 
defined for (sufficiently) smooth forms a on X. If a = i*a, we let af\R := aAi?. 
This product only depends on q, since if i*a = 0, then a/\Rf\Q = i:t:{i*aAuj) = and 
hence aAR = since J7 / 0. 

Let Xk be the BEF varieties of J^x, and define 

(3.15) X = Xsing, X = X^-n+e, i > 1- 

Since JTx has pure dimension it follows that codimX > A; + 1, and in particular, 
X" = 0. These sets X are actually independent of the choice of embedding of X, 
cf . , the text after Lemma 14.11 in Section |4l 

Let g£ be the restriction to X of g^-'^+^^ and let V^ = g, — B on X. Let E^ = 
Ex-n+i\x- Then uj = a;o+i^i+- • •+w„, where uji is a (n, £)-form on X taking values in 
E , and V^w = on X. There are almost semimeromorphic Hom (£^ , £'^^)-valued 
(0, l)-forms a^^ such that 

(3.16) uji+i = a^^^uJi 

there. In fact, a is the pullback to X of the form UN-n+i associated with a resolution 
of O^/Jx in y, cf , Section Eai 

Since uj is almost semi-meromorphic, it has the the standard extension property, 
SEP on X, which means that Iw^ = for all varieties VK C X of positive codimen- 
sion. 

The singularities of a structure form uj only depend on X, in the following sense: 



The fact that p.l3p may be infinite causes no problem, since, for degree reasons, U and R only 
contain a finite number of terms. 



14 MATS ANDERSSON & ELIZABETH WULCAN 

Proposition 3.5. Let X be a projective variety. There is a smooth modification 
T : X — 7- X and a holomorphic section r] of a line bundle S —^ X such that the 
following holds: If X ^ Y is an embedding of X in a smooth manifold Y, 0{E^),g 
is a Hermitian locally free resolution of O^ j Jx, and uj is the associated structure 
form on X , then r]T*u; is smooth on X. We can choose rj to be nonvanishing in 

After further resolving we may assume that r] is locally a monomial in X. 

The proof is postponed to Section HI Since uj is almost semimeromorphic, the 
pullback T*oj is well-defined; this follows from the proof below, cf., also the remark 
after Definition 12 in [Bj. 

Example 3.6. See [U Section 6]. If y = P^ and S = 0(1), then 

Ek = [El ® 0{-dl)) ... © {El- ® 0{-dl-)) 

and g^ are matrices of homogeneous forms with degg^A = d^ — dl\-i) and 

if C = (6, • • • , CrJ. Moreover, 

Q = const X \^{~^y ZjdzQ/\ . . . AdzjA . . . AdzN 

inP^. 

Let Jx denote the homogeneous ideal in the graded ring S = C[zq, . . . , zx] that 
corresponds to X, and let S{£) denote the module S but where all degrees are shifted 
by i. Then 0{E,),g corresponds to a free resolution 

. . . ^ ©i5(-4) -^ ■■■-^ ®iS{-di) -^ ®iS{-d\) -^ S 

of the module S/Jx- By Hilbert's Syzygy theorem one can assume that Ef^ = for 
fc>iV + l. D 

3.7. Local division problems on a singular variety. Still assume that we have 
the embedding i: X ^Y, where Y is smooth, and the complex Ei,g over Y corre- 
sponding to a Hermitian locally free resolution of O^ j Jx- If Ei^ f is an arbitrary 
Hermitian complex over Y we have the complex E^ = E^ (8) E^ with mappings 
F = f + g asin Section [331 Let F^ = F\e^. Since R^ AW = Rf'^AR9\x=o and 
U^ AR^ = U^'^AR^\\=q cf., Section [3161 these currents only depend on the values of 
/ on X. From Section [3.51 we also have that 

(3.17) VEnd,Ff/ = 1- R^AR^ 

if [/ = U-' AR^ + U^. If $ is a (locally defined) holomorphic function in Y and 
RJ AR^^ = 0, then, following the proof of Lemma l3.2[ there is a local holomorphic 
solution V = Vf + Vg in E[ = e( (g) E^ + eI^ (g) E'( to g^Vf + f^Vg = F^v = $. Notice 
that in fact R-^AR^^ only depends on the class of <1> in O^ /Jx = O^ , so R^AR^cj) 
is well-defined for in O^ . We can define the intrinsic residue current 

R^Auj := Rf'^Au}\x=o 

on X. Since i^^R^' Auj = R^' AR^AQ when Re A >> 0, we can conclude that 

i^R^Auj = R^AR^AQ. 
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Since fi is nonvanishing, R-f Auj(p = implies that R^ AR^(p = and thus we have: 

Proposition 3.7. Assume that Ei , f is a Hermitian complex on X. If <j) is a holo- 
morphic section of Eq on X such that R^ Aujcf) = 0, then locally (j) is in the im,age of 
/I onX. 

3.8. A fine resolution of O on X. It was proved in [6], see [6l Theorem 2], that 

there exist sheaves Ak of (0, /i;)-currents on X with the fohowing properties: 

(i) Ak is equal to <So,A; on Xrcg, 

(ii) A = ®kAk is closed under multiplication with smooth (0, *)-forms, 

(iii) d maps Ak -^ Ak+i and if E is any vector bundle over X, then the sheaf complex 

^ 0{E) -^ Ao{E) A Ai{E) A A2{E) A . . . 
is exact. 
By standard sheaf theory we have canonical isomorphisms 

H\x, om = ^^Hnx,Akm^nx,Ak,^m)^ , , ^ 

lm{riX,AkME))^T{X,Ak{E))) 



4. Singularities of the structure form 

In this section we provide a proof of Proposition 13.51 Let i: X ^ Y he an em- 
bedding where Y is projective and smooth of dimension A^. Recall that the kth 
Fitting ideal (sheaf) of O^ j Jx-, Fittog^, is the ideal generated by all r^-minors of 
(the matrix) g in a locally free resolution 0{E^),g of O jJx-, where r^ is the 
generic rank of g\ see, e.g., |16) . It is well-known that these ideals are independent 
of the resolution 0{E^),g; the zero variety of Fittofi''^ is just the BEF-variety Zj^°^, 
cf.. Section 13.41 Since X has pure dimension, Fitto^ is trivial when k > N, cf., 
(j3.15p . Let p = N — n he the codimension of X in Y. For £ = 1, . . . , n — 1, let a^ be 
the pullback (restriction) of Fitto5^^^ to X. It follows that these ideals only depend 
on the embedding i: X ^ Y. We call them the structure ideals on X associated with 
the given embedding. 

Given a Hermitian resolution 0{Ei),g of O j Jx, let Uk be the pointwise minimal 
inverse of g . If (after resolution of singularities) Fittofi' is principal, generated 
by the holomorphic section s, Lemma 2.1 in [8] asserts that sok is smooth. Thus 
z*(Tp+fc =: a is well-defined and semimeromorphic on X. 

Lemma 4.1. Assume that a.i and a'^ are the structure ideals associated with the 
embeddings i : X ^ Y and i' : X —^ Y' , respectively. Then for each i > 1, 

(4.1) a^ • • • a„_i C a^. 

Since the zero set of a^+i is contained in the zero set of a^ it follows that the zero 
set X^ of ae, cf.. Section \3M coincides with the zero set of a^. It follows that X^ is 
independent of the embedding i. 

Proof. Given i: X —^ Y and a point x a X there is a neighborhood V C X such that 
the restriction to V of i factorizes as 

(4.2) V ^nAhxMM =: fi, 

where j is a minimal (and therefore basically unique) embedding at x, Mm C C^ 
is a ball centered at 0, l is the trivial embedding z i— ?> (z, 0) if z are coordinates in 
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0, and i7 is a neighborhood of x in Y. Let now 0{E^),g be a Hermitian minimal 
resolution of O j J\i at x in Q and assume that p is the codimension of V in O. Thus 
p = p + M, where as before p is the codimension of X in Y. 

Let E'^,Sw be the Koszul complex generated hy w = {wi, . . . ,wm), cf., Exam- 
ple 13.11 The sheaf complex associated with the product complex E^ E'^ with 
mappings g = g{z) + 5yj, cf., Section [33} provides a (minimal) resolution of O^ /Jx 
in il, see [41 Remark 8]. Notice that g^~^^ is the mapping 

{El+i ® Em) © (4+^+1 ® ^M-i) ® • • • ® ^4+i+M ^ K) '^^'" 

(4+^_i ® EZ) © (4+, ^ EZ_,) e ■ ■ ■ e (4+,+M_i ^ i^o")- 

Since w = on X, the restriction of g^^^^ to X splits into the direct sum of the 
separate mappings 

gP+'+^ : 4+,+ . Eti.j ^ 4+^+,_i ® i?M-i, j = 0, 1, . . . , M. 

Since the optimal rank rp^£ of g^'^ is attained at every point on X^^g, it follows that 
rp^£ = fpj^i + rj5_|_£_|_i + • • • + fpj^Mi where r^ is the generic rank of g^ . Therefore, the 
restriction to X of FittoS'^"''^ is equal to (the restriction to X of) the product ideal 

Fitto5^+' • Fitto5^+'+^ • • • Fitto5^+^+'^. 

Since X has pure dimension, Fitto^*^ is trivial for k > p + n = dimil, and thus if o^ 
are the structure ideals associated with j : V — ?> il, 

(4-3) Of = Of • • • ai„in{n-l/+M)- 

Hence 

(4.4) Of • • • o„_i C Of C Of. 

By the same argument, since i' factorizes as V ^- il — > x lBj\,f') at least if V is 
small enough, a^ = Of • • • arD\n{n-i,i+M')-, and so (|4.4p holds at x for o^ instead of Of. 
Combining we see that ()4.ip holds in a neighborhood of x. Since x G X is arbitrary, 
the inclusion holds globally on X. D 

Lemma 4.2. There is a smooth resolution t: X —^ X and a holomorphic section r/o 

of a line bundle Sq -^ X , which is nonvanishing in X \ T^^Xsing, with the following 

properties: If i: X ^Y is an embedding, dimy = N , p = N — n, and 0{E^),g is a 

Hermitian locally free resolution of O^ j Jx, then: 

(i) all the ideals r*Of , ^ = 1, . . . , n — 1, are principal, 

(ii) the subbundles ImT*i*(7^^ C T*i*Ep^i^i, £ = 1, . . . ,n — 1, a priori defined over 

X \ T^^X , all have holomorphic extensions to X, 

(Hi) if Lo is the induced structure form, then r]QT*u;Q is smooth. 

For the proof we will need the following, probably well-known, result. 

Lemma 4.3. Let E, Q be holomorphic vector bundles over X and let g : E ^f Q 
be a holomorphic morphism. Let Z C X be the analytic set where g does not have 
optimal rank. There is a (smooth) resolution tt : X —^ X such that the subbundle 
TT*liaig C TT*Q, a priori defined in X \ 7r~^Z, has a holomorphic extension to X. 
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Proof. Let G: Q ^ F he a inorphism such that F is a direct sum of hue bundles, 
say Si, . . . , Sr, and 

is exact, cf., [Bl Proposition 3.3]; we write G = (Gi, . . . , Gr), where Gj : Q ^ Sj. It 
then follows that 

(4.5) E^-^Q^F 

is pointwise exact in X \ Z. Therefore, 

Im^ = Ker G = n^Ker {Q ^ Sj) 

onX\Z. 

To prove that KerG has a holomorphic extension, let us first assume that F has 
rank 1, so that G defines an ideal sheaf J'g C O^ . Also, let us assume that X 
is connected; if not we just consider each connected component separately. If G is 
identically zero we define K := Q. Otherwise let tt : X ^ X he the blow-up of 
X along J'g, let D he the corresponding divisor, and let 0{—D) he the line bundle 
defined by D. Then (the pullback to X of) G is of the form G^G', where G' is a 
nonvanishing mapping Q — )• F (^ 0{—D) and G^ : F ^ 0{—D) — )• F is generically 
invertible. Thus K := KerG' is a holomorphic subbundle of Q, and it generically 
coincides with 7r*KerG. 

For the general case, we proceed by induction: We let Ki he an extension of Ker Gi 
as above. Then we let K2 C Ki he an extension of the kernel of G2\kx '■ -^1 ~^ '^2- 
Proceeding in this way we find subbundles Kr C • • • C Ki C Q, such that Kj 
generically coincides with Ker Gi n • • • flKer Gj on X. In particular K^ coincides with 
Irag generically on X, and so we have found a holomorphic extension of Irag. D 



Proof of Lemma \4-S\ Let r : X — t- X be a smooth resolution and 770 a holomorphic 
section of a line bundle So — > X. We claim that (i), (ii), and (iii) hold for a given 
embedding i: X ^Y and Hermitian locally free resolution 0{E^),g if and only they 
hold for any other embedding and Hermitian locally free resolution. Since this claim 
is local, it is enough to prove the claim at a fixed point x. 

To prove the claim, let us first fix an embedding i : X ^ Y. Let 0{E^),g he 
a Hermitian locally free resolution of O^ j Jx and let 0{E, ),g' he a minimal such 
resolution at x. It is well-known that E^ ,g' isa. direct summand in E^, g, i.e., there is 
a decomposition Ei = El (BEl , g = g' ® g" , where the complex El ,g" is pointwise 
exact, see, e.g., |8l Section 4]. Since Img^^^ = Im (5')^+^ ©Im {g"Y^^ it follows that 
(the pullback to X of) Im gr^"*" has a holomorphic extension if and only if Im {g')^ 
has, for £ > 1. From this decomposition it also follows immediately, as we alreday 
know, that Fittofi'^^^ = FittQ{g'y~^^ , so that the structure ideals ae are well-defined, 
i.e., independent of the Hermitian resolution. 

The structure form uj' associated with 0{El ),g' can be considered as a structure 
form associated with 0{El),g but with a Hermitian metric that respects the direct 
sum, cf., [SJ Section 4] and (j3.14p . Now ujq = ttuj'q, where vr is the orthogonal pro- 
jection onto the orthogonal complement (with respect to the first metric) of Irag^^^ 
in Ep\x over X \ X^, and ujq = tt'uj'q, where n' is the orthogonal projection onto 
the orthogonal complement (with respect to the second metric) of Im {g'y~^^, cf., the 
proof of Theorem 4.4 in [8]. If (ii) holds for (at least one of) the resolutions, then 



18 MATS ANDERSSON & ELIZABETH WULCAN 

T*TT and r*7r' are smooth and it follows that r]oT*ujQ is smooth if and only if riQT*ujQ is. 
Since the minimal resolution 0{E^ ),g' is unique (up to isomorphism) we conclude 
that if (i) — {in) hold for one Hermitian resolution of O j Jx at a given point x € X, 
then they hold for any such resolution at x. 

Next, pick an embedding i : X ^i-Y . In a neighborhood of x, i factorizes as (14. 2p . 
Let 0{E»\g be a Hermitian minimal resolution of O^ j Jx- Then, using the notation 
from the proof of Lemma |4.H 0{E^) E'^ ,g + 5^ =: gr is a (minimal) resolution of 
O^ I Jx- The associated residue current is equal to i?^(^) a i?"*, see [H Remark 4.6]. 
Since a product of local ideals is principal if and only each of its factor is principal 
it follows from (14. 3p that t*o^ are principal for ^ = l,...,n — lif and only if r*a£ 
are principal for i = 1, . . . ,n — 1. Moreover, since the restriction of g^^^ to X is a 
direct sum of restrictions of gP^^+^ , cf . , the proof of Lemma 14. H it follows that (the 
pull-back to X of) Irag^^^, £ > 1, have holomorphic extensions if and only if lm.gP~^^, 
i > 1, have. 

Since w are just the coordinate functions in C , the Bochner-Martinelli formula 
asserts that K^.jAdwiA . . . AdwM = {2'Ki)'^'^[w = 0], where [w = 0] is the current 
of integration over the affine set {w = 0}. Let A^ = dimO, and let u) denote the 
structure form in il associated with W^^\ so that j*a} = R^AdziA . . . Adz^. Then, 

«*D = L^R^AdziA . . . Adz^ = R^AdziA . . . Adzf;^A[w = 0] ~ 

R^ AR^ AdwiA . . . AdwMf\dziA . . . Adz^, 

where ~ denotes "equal to a nonzero constant times". We conclude, cf., ()3.14p that 
uj is also a structure form associated with a Hermitian resolution of O j Jx- From 
above we know, provided that (ii) holds for (at least one of) the resolutions, that 
?7oT"*wo is smooth if and only if 77or*u}o is. Since any embedding factors through the 
minimal embedding j in a small enough neighborhood of x, we have proved the claim. 

It remains to prove the existence of r: X — )• X and r/o such that (i) — {iii) hold. 
To this end let us fix an embedding i: X ^fY and a Hermitian locally free resolution 
0[E»\g. To begin with, by resolution of singularities, we can find a smooth resolu- 
tion f: X ^t X such that f*<Xi all are principal, so that (i) holds. Next, by Lemma 
14.31 we can find a resolution r : X — ?• X so that \tclt* t* i* g^^^ have holomorphic 
extensions. 

Finally we consider [iii). According to Proposition 3.3 in [6], 

Wo = ctg/i, 

where h is holomorphic in the Barlet-Henkin-Passare sense, i.e., 5/i = on X, and 
(Tg : F ^ Ep is the inverse of G in X \ X^ with pointwise minimal norm, vanishing 
on the orthogonal complement of ImG. After further resolving we may assume 
that r is chosen so that also (the pullback of) the ideal a^ is principal in X, say, 
generated by the section sq- Then, by [SI Lemma 2.1], sgctg is smooth, cf., the 
text preceding Lemma 14. 2[ Since h is meromorphic, there is a section ryo of a line 
bundle 5*0 — >■ X such that r/or*u;o is smooth. We may also assume that r~^Xsing is 
a divisor, so that T*h is meromorphic with poles contained in r~^Xsiiig. Since the 
variety of ac is contained in Xsing it follows that we can choose % to be nonvanishing 
in X \ r-iXsi„g. D 
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We can now conclude the proof of Proposition 13. 5i Let t: X ^ X and r]Q be 
as in Lemma 14.21 Fix an embedding i' : X ^ Y' and let s'^, . . . , s'^_i be sections 
on X defining (the pull-back to X of) the ideals ai, . . . , a^-i. Let % = s^ • • • s'^_i-, 
£ > 1, and 1] = riQ-qi ■ ■ ■ rjn~i- Note that s'^ is nonvanishing outside r~^Xsing so that 
rj is nonvanishing in X \ T~^X^\ag if ?/o is. We claim that riT*oj is smooth for any 
structure form oj on X. 

To prove the claim, let uj be the structure form associated with an embedding 
i : X ^ Y and a Hermitian locally free resolution 0{E^),g. Assume that (the 
pullbacks of) the corresponding structure ideals are defined by sections si, . . . , Sn-i- 
Outside X^, uj£ = a^oji^i, where a^ = Ixrog^cr^i cf., ()3.16p and O Section 2]. By 
[U Lemma 2.1], s^T*a^ is smooth in X. Thus, since coe has the SEP, rjosi ■ ■ ■ S£UJe is 
smooth, and so r/osi • • • Sn-iOJ is smooth. By Lemma l42| si divides iji and hence the 
claim follows. 

5. Global division problems and residues 

Let (13. 4p be a generically exact Hermitian complex over a smooth variety X. 
Moreover, let (/> be a global holomorphic section of Eq such that R-'cj) = 0. As we 
have seen in Section[3l then SJ f{Uf (j)) = 4>. If the double complex Aie^k = Co,k{X, Eg) 
is exact in the ^-direction except at /c = 0, then it follows, cf., (13. 8p . that there is a 
global holomorphic solution to f^q = (j). Let us see more precisely what is needed. 
Notice that U . .,, +i)^ is automatically (9-closed. Since X is smooth then by the 
Dolbeault isomorphism for currents it is possible to solve successively the equations 

^W^min{M,n+l) = ^iin(Af,n+l)<^' ^^^ = ^k'f> " f~^^'Wk+l, l<k< min(M, n + 1), 
if 

(5.1) iJ*="^(X,0(^fe)) = 0, 1 < A;<min(M,n + l). 

Then 

q := U(^ - fw2 
is a holomorphic solution to f^q = (j). To sum up we have 

Proposition 5.1. Assume that X is smooth and (p is a holomorphic section of Eq. 
If R-'cf) = and (15. ip holds, then there is a global holomorphic section q of Ei such 
that f^q = (/). 

Remark 5.2. Assume that (j) belongs to the sheaf jTy = Im/^. This means that 
locally we have a holomorphic solution q to Vj(? = (j). However, this does not imply 
that there is a global (smooth or current) solution to Vjv = (p, unless the complex 
0{El),f is exact. 

For instance, take global sections /^ of 0{d) — )■ P", i.e., homogeneous forms /| 

of degree d on C""'"^, and let 0{El),f be the Koszul complex generated by /^ := 
{fl,...,f^), cf.. Example 13. 1^ tensorized by 0{p). Assume that (/> is a section of 
0{p) that is locally in the image of /^, i.e., (/) is a global section of Jf ® 0{p). If 
there is a global solution to Vjv = </> and p > {n+ l)d — n so that ()5.ip is fulfilled, 
then, cf., the proof of Theorem II. II below, there are holomorphic forms qj such that 
Yl fjQj — ^- However, in general the mapping 

er(p", o{p - d)) ^ r(p", jf ® o{p)) 
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seems to be surjective only if p is much larger than (n + l)d — n, see, e.g., p^ and 
[T71 Proposition 4.16]. 

If 0{Ei),f is exact, then by the duality principle, (f> annihilates the residue R-^ , 
and so we get a global solution to V/u = (p. One can also piece together local 
holomorphic solutions to a global smooth solution elementarily, using the exactness 
olO{Ei),f. D 

We will now present an analogous result for a singular X. Since we have no access 
to a 5-theory for currents on X, we must in first place assume that the complex 
Ei , f is defined in a small neighborhood of X in some embedding in a larger smooth 
manifold. One can get rid of the hypothesis of extendability of /, but to the cost of a 
slightly more complicated residue current to annihilate; see the proof of Theorem ll.4l 
below. 

Theorem 5.3. Let i: X ^ Y be an embedding of X in a projective manifold Y, 
let 0{E^),g be a locally free Hermitian resolution of O j Jx in Y , and let lo be an 
associated structure form on X . 

Let (13. 4p be a Hermitian complex over (an open neighborhood U of X in) Y , and 
let W /\uj be the associated residue current. Moreover let 4> be a global section of Eq 
on X. 

(i) If Rf /\uj4> = 0, then there is a global smooth solution W on X to 
(5.2) VfW = 0. 

(ii) If (|5.2p has a global smooth solution on X and (|5.ip holds, then there is a global 
holomorphic section q of 0{Ei) such that f^q = cj) on X. 

With minor modifications of the proof we get the following more general version 
of Theorem 15.31 

With the general hypotheses of Theorem \5.3[ assume that cj) is a global holomorphic 
section of Eg such that f^<p = 0- 

(i) If R^Auj(p = then there is a smooth global solution to (j5.2p . 
(ii) If (15. 2p has a smooth solution and 

HO,k-i-£^-^^ Qi^Ek)) = 0, e + l<k< min(M, n + 1 + £), 
then there is a global holomorphic section q of -E^+i such that f^^^q = 4>. 

Remark 5.4. Assume that we have an embedding i: X ^ Y and that the data 
Ei , f and (p are defined globally on Y. If S/pv = has a (current) solution on Y, 
cf.. Section [321 and all the the occurring 9-equations are solvable, we get a global 
holomorphic solution (q, rf) on Y to /^g + g^rj = (j). If for instance, Y = P and 
all the bundles E^, are direct sums of line bundles 0{i) for various (I, then g is a 
tuple of homogeneous forms qj on C'^^^ such that ^ f^qj = (j) on X. However, 

we get slightly sharper degree estimates if we solve f^q = (/> intrinsically on X by 
Theorem 15.31 and then extend to a global solution by Proposition 16.11 below. D 

Remark 5.5. If we just have a current solution to V/F = (f) on X it does not follow 
that there is a holomorphic solution, not even locally. In fact, if X is nonnormal, 
there are holomorphic / and (f) such that d{(p/f) = but U = (j)/f is not holomorphic. 
Thus (/ — d)U = (p but (j) is not in the ideal (/). If X is normal but nonsmooth, 
there are similar examples with more generators, see [25]. D 
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We cannot assume that the section (j) in Theorem 15.31 has a holomorphic extension 
to (a neighborhood of X in) Y . However, as a substitute we can find what we will 
call a V g- closed extension. 

Lemma 5.6. Let i : X —^ Y be an embedding of X in a projective manifold Y , let 

0{E^),g be a Hermitian resolution of O j Jx, o,nd let <p be a global holomorphic 

section on X of a line bundle S ^ Y . 

(i) There is a global smooth section <l> = Ylii>o *^^ '^f ®i£o,iiEf (8> S) onY such that 

Vg<I) = onY and ^q = cf) on X, i.e., r<l>o = 0. 

(ii) <1> is such an extension of (j) if and only if 

(5.3) $ - Wcj) = VgW 
for some current w. 

Recall that £^q ~ C is a trivial line bundle. 

One can obtain a Vg-closed extension <1> of quite elementarily by piecing together 
local holomorphic extensions, due to the exactness of 0{E^),g. However, we prefer 
an argument that also relates to residue calculus as in (ii), and we also think that 
Lemma 15.61 (ii) may be of independent interest. 

Proof. As noted in Section 13.71 R^cp is a well-defined V^-closed current in Y. In 
view of Proposition 13.41 there is a smooth V^-closed $ such that (|5.3p holds for some 
current w. Thus (i) follows from (ii). 

Assume that <i> is a smooth extension of (j) as in (i). From (j3.6p we have that 
Vg(f/5A$) = $-i?3A$. Since 0{E^),g[s exact, {WY = for £ > 1, cf., SectionESl 
and hence R^A^ = R^^o = R^4>, since ^o = 4> on X. Thus 

Vg(C/5A$) = $ - R^. 

Conversely, assume that <I> is smooth and ()5.3p holds. Then clearly Vg$ = 0. We 
have to prove that $o = on X. Since this is a local statement, given a point on 
X there is a neighborhood U where we have holomorphic extension (j) of (p. Then 
Vg{U^) = 4)-R94, = 4,-R9(j)mU. Thus Vg{w-U94>) = $-(^. By Proposition [33] 
there is a smooth ^ such that V^^ = ^ — (p. It follows that g^^i = ^q — cf) and hence 
$0 = = (/) in iY. D 

Proof of Theorem \5.3[ Recall from Section lSTl that R-' Aujcp = implies that R^ AR^cp - 
0. Let $ be a Vg-closed smooth extension of (p, as in Lemma l5. 61 (i). to Y. As in the 
proof of Lemma ESI R^A^ = -R^^o = R^- It fohows that R^ AR^ A $ = R^AR^cp = 
0. Hence, from (I3.17P we get, cf.. Section [321 

VF[{UfAR3 + U9)A^ = $. 

By Proposition 13.41 we have a smooth solution ^ to V p^ = <1> in 1"; i.e., 

F^i = $0, F^+^^k+i - d^k = ^k. k>l. 

If we let lower indices (i, j) denote values in S/ ® E^, and notice that ^k = *^o,A:; we 
see that 

(5.4) f'^i^o + 51*0,1 = <^o, Z'^+'^fe+i.o + g'^k,! - d^k,o = 0, k>l. 

Since 'I' is smooth we can define the forms Wk = i*'^k,o on X, and (15. 4p then means 
that 

f^Wi = <p, f^'+^Wk+i -dWk = Q, k> I. 
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Thus (i) follows. 

Now (ii) follows as in the case when X is smooth, cf., the beginning of Section [5] 
(now W plays the role of U^ (j)), but using the sheaves Ak over X, rather than Co,fc, 
and the isomorphisms in Section 13.81 D 

It should be possible to express the Vi?-exactness of $ in y by means of Cech 
cohomology, then make the restriction to X, and rely on the vanishing of the relevant 
Cech cohomology groups on X. In this way one could possibly avoid the reference 
to the sheaves Ak over X. 

6. Upper bounds for k and v 

The following simple (and most certainly well-known) interpolation result gives 
an estimate of the number k, introduced in Section [TJ 



Proposition 6.1. Let i: X ^ P^ be an embedding. Assume that —)■ 0{Em) — > 

3 2 1 

... ^ 0{E2) ^ 0{Ei) ^ O is a resolution of the sheaf O/Jx over F^ , where Ek 
are as in Example \3.6[ The restriction mapping 



(6.1) o(p^, o{i)) -^ o{x, o{e)) 

is surjective if i > maxj dj^ — N . If M < N , then ()6.ip is surjective for all L 
In particular, n < maxj djy — N . For the proof we need, see, e.g., [H], that 

(6.2) H^{F^,0 {(.)) = {) if i>-N or k<N. 

Proof. Let (/> be a global holomorphic section of 0{t) — > X and let $ be a smooth 
Vg-closed extension of (f) to P^ as in Lemma 15.61 Notice that $7v is a smooth 
(0, A^)-form that takes values in (BiO{i — d^^) so by (16. 2p there is a smooth solution 
to Bwn = ^N if i — d^jq > —N for all i. We can then successively find smooth 
solutions to the equations dw^ = $fc + g^^^^w^j^i for k = A^ — 1, . . . , 1. Finally we 
obtain the holomorphic section (p = <^q + g^wi of 0{€j over P , which, since wi is 
smooth, coincides with $o on X. If M < A^ no cohomological obstruction occurs, 
cf., ([62]). □ 

For X C P^ let Mx = C[zo, . . . ,zn]/ Jx, where Jx is the homogeneous ideal 
associated with X, cf., Example 13.61 The regularity regX of X, introduced by 
Eisenbud and Goto, [18], is defined as maxj ^((i^ — k) for a minimal free resolution 
of Mx as in Example 13.61 It follows from Proposition 16.11 that k < regX. This 
estimate also follows from [18], see Proposition 4.16 in [T7]. The same proposition 
also implies that H'iX, 0{i)) = for alH > 1 if ^ > regX - 1; thus i^ < regX - 1. 
It follows that 

(6.3) max((i min(r?T,, n + 1) + i/,d+ a) < d min(r?T,, n + 1) + reg X. 
If m > 1 we actually have strict inequality in (|6.3p . 



If Mx is Cohen-Macaulay and X is not contained in any hyperplane in P , then 
regX < degX — (A^— n), see e.g., [EJ Corollary 4.15]. In that case (if n, d, degX > 2) 
the last two entries in the estimates in Theorem 1 1 . 1 1 can be omitted unless Cqo = — oo. 
A particular case is when X is a complete intersection: 
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Example 6.2. Assume that X C P^ is a reduced complete intersection not contained 
in a hyperplane, i.e., there are homogeneous forms gi, ■ ■ ■ ,gN-n such that (qj) = Jx 
and dj := deggj > 2. Then the Koszul complex generated by the gj is a resolution 
of Mx, and it terminates before level A^ unless n = 0. As long as n > thus, by 
Proposition 16. 1|, ()6.ip is surjective for all i, i.e., k = — oo. If n = 0, then d]^ = 
di + d2 + ■ ■ ■ + djsi and hence k < di + d2 + • • • + d^ — N. It is easy to see that 
reg A = di + • • • + d]\[-n — (A^ — n) and thus i^ < di + ■ ■ ■ + d^-n — {N — n) — \. By 
Bezout's formula, degX = di- ■ ■ d^^n and since dj > 2 this is larger than or equal 
to > di H h(iAr_„ = regA + (A^-n). D 

We do not know whether k and i^ always are small compared to deg A. 

7. Proof of Theorem 12.41 

Let /i , . . . , /m be the d-homogenizations of the polynomials Fi , . . . , Fm , considered 
as sections of 0{d)\x — > X. Let 0{eI), / be a locally free resolution of O^ /J'f over 

r ... 

X, where Ej^ have the form (BiE^ 0{—d\), where El are trivial line bundles, 
cf.. Section 13.61 and let i?-^ be the associated residue current on X. Recall from 
Section Ea that Rf = {Rff. 

Claim. The hypothesis (j2.4p implies that \xaa^^ — 0- 

By the dimension principle, Ixoo-^o vanishes since it has bidegree (0,0) and sup- 
port on Aoo, which has codimension at least 1. We proceed by induction so assume 
that Ixoo^k ~ ^- Outside Z^'^^^ we then have, cf.. Section [3^ that 

lv«,^{+i = Ix^ak+iRl = ak+ilx^Rk = 

since Ok+i is smooth there. Hence Ixr^R^^i, which has bidegree (0, /c + 1), has 
support on X^o n Z^'^^ and in view of (j2.4p and the dimension principle it must 
vanish. Thus the claim follows. 

Fix an integer p > deg<^. Notice that the complex Ei (8) 0{p),f also has R^ as 
its associated residue current. Let (p be the /o-homogenization of $, so that is a 
section of 0{p) = Eq (S> 0{p). By the duality principle, R^ (j) = in F since ^ is in 
(Fj), and thus 

(7.1) lyi?-^0 = O. 

Since R^ (j) = lyRfcj) + Ix^R^fj^, cf., Section [3TH we conclude, from (j7.ip and the 
claim, that R^ (j) = 0. 

Assume that the complex Ei , / ends at level M and let 

If also p > rj + z^, it follows from Proposition 15.11 that we have a global holomorphic 
g = ^ (jTj of Fi = 0{p — d) over X such that f^q = (p. Since Qj take values in 
0{p — d)\x they have holomorphic extensions to P if p > d + k. We then get the 
desired polynomial solution Qj to (II. ip after dehomogenization. Thus Theorem 12.41 
follows with 

f3 = max(rj + i>,d + k). 
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Remark 7.1. If /i,...,/m form a complete intersection, i.e., codiuixZ^ = m (so 
that Z^ = if m > n + 1), then the Koszul complex generated by fj provides a 
resolution of O j J^. Using the notation from the preceding proof, we then have 
Tf = dmin(m, n+1). Since a complete intersection is locally Cohen-Macaulay, Zj^'^^ = 
for k > m. The condition (j2.4p then means that Z-^ has no irreducible component 
contained in Xoq. In particular, Corollarv 12.31 for smooth X and Corollarv 12.21 follow. 

D 

8. Integral closure, distinguished varieties and residues 

Let /i , . . . , /m be global holomorphic sections of the ample Hermitian line bundle 
L —^ X, and let J'f be the coherent ideal sheaf they generate. Let 

u: X+^ X 

be the normalization of the blow-up of X along J'f, and let W = ^fjWj be the 
exceptional divisor; here Wj are irreducible Cartier divisors. The images Zj := i^iVVj) 
are called the (Fulton-MacPherson) distinguished varieties associated with J'f. If 
/ = (/i, . . . , fm) is considered as a section of E* := ©^L, then i^*f = f^f, where 
/° is a section of the line bundle 0{—'W) defined by 'W, and /' = (/{,..., /^) is 
a nonvanishing section of i'*E* (X" 0{W), where 0{W) = 0{—W)~^. Furthermore, 
LUf := dd'^log l/'l^ is a smooth first Chern form for u*L (8) 0{W). 

Recall that (a germ of) a holomorphic function (p belongs to the integral closure 
Jf^x of •Jf,x at X if z^*(/) vanishes to order (at least) rj on Wj for all j such that x & Zj. 
This holds if and only if \i'*(j)\ < C|/''| (in a neighborhood of the relevant Wj), which 
in turn holds if and only if |(/>| < C\f\ in some neighborhood of x. Let Jf denote the 
integral closure sheaf. It follows that 

(8.1) 101 < C\ff if and only if (t>eYf. 

If X is smooth it follows that (j) is in the integral closure, if for each j, (j) vanishes to 
order rj at a generic point on Zj. See [26l Section 10.5] for more details (e.g., the 
proof of Lemma 10.5.2). 

We will use the geometric estimate 

(8.2) ^rjdegLZj<degLX 
from [15], see also [26l, (5.20)]. 

Lemma 8.1. There is a number fiQ, only depending on X , such that if 

(8.3) \<P\<C\fr+^", 

then R^ /\ijj4> = Q if uj is a structure form of X and R^ is the residue current obtained 
from the Koszul complex of f. If X is smooth one can take fiQ = 0. 

This proposition (and its proof) is analogous to Proposition 4.1 in [7j; the im- 
portant novelty here is that /io can be chosen uniform in oj, which is ensured by 
Proposition 13.51 However, for the readers convenience and further reference we dis- 
cuss the proof. 

Proof. Let us first assume that X is smooth and /io = 0, and that </> satisfies (j8.3p . 
Then uj is smooth so we have to show that R-'cj) = 0. If / = on (a component of) X, 
then i?-' = 1 and = 0, and thus R^cj) = 0- Let us now assume that codimZ-' > 1. 
Then Rq = by the dimension principle. Let v : X^ — > X be the normalization of the 
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blow-up along Jj as above, so that v* ^ = f^f. Using the notation in Example 13. H 
then i^*a = {1/ f^)a' , where 1/ f^ is a meromorphic section of 0{W) and a' is a 
smooth section of h'*E (g) 0{—W). It follows that 

and hence 



u*{aA{da)'-') = ^^a'A{daf~\ 



when k > 1. Since /' is nonvanishing, the value at A = is precisely, see, e.g., lU 
Lemma 2.1], 

(8.4) Rt:=d^Aa'A{dar-'- 

Notice that 

(8.5) u^Rt = rI 

Since (f) satisfies (|8.3p for ^o = 0, \i'*(t)\ < C\f^\^ and, since X+ is normal it follows 
that v*(l) contains a factor {f^)^- Therefore, 

(8.6) ''*'^^ W " °' ^ - ^' 

because of (jS.ip . Moreover, since a' A{da') is smooth on X+, it follows from (j8.6p 
and (HaD that i?^i^*(/) = 0. Therefore, cf., ([83]), i?{0 = v^{Rluy) = 0. 

Notice that we could have used any normal modification tt: X ^ X such that tt* f 
is of the form f^ f in the proof so far. 

Now consider a general X. Let us take a smooth modification r: X —> X as in 
Proposition 13.51 so that, for each structure form oo on X, r*(^ is semimeromorphic 
with a denominator that divides the section r/, and such that X so that r/ is locally 
a monomial in suitable coordinates Sj. 

Let w be a structure form on X. In this proof it is convenient to use the regular- 
ization 

Rf = limRf'% where R^'^ := 1 - xd/PA) + 9x(|/|Ve)An, 

where u is the form from Example 13.11 and x is a smooth approximand of the charac- 
teristic function of [1, cx)), cf., the beginning of Section[3l so that all the approximands 
i?'''^ are smooth. If / = on a component Xj of X, then R-f'^ = 1 on Xj and if (j) 
satisfies (j8.3p for any /xq, then (f) = on Xj; here we have suppressed the notation 
r* for simplicity. Hence ly R-f'''Auo(j) = and so ly R-^ AlocJ) = 0. We can therefore 

assume that / ^ on X. Thus the action of R^^'^AijJcI) on a test form is, via a partition 
of unity, a sum of integrals like 

JX V JX S^'^ ■ ■ ■ Sn 

where aj are nonnegative integers and ^ is a smooth form. Following [71 Section 3] 
one can integrate by parts \a\ := |ai| + • • • -|- |q„| times, and get a constant times 

Jx Si- ■ ■ Sn 
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where 9" = af „ a„ . If /Uq > /^ + |a| + 1 and satisfies (|8.3p . then by the smooth 
Briangon-Skoda theorem, locahy in X, (j) is in the ideal (/)^+l"l+i. Therefore, 

Following [3 Section 4] one finds that dlR^''' has a certain homogeneity with a 
singularity that increases with i: if we take a smooth modification vr: X — ?• X 
such that vr*/ is principal, then d^R^''' is like l/(/0)^+l^l+i and with support where 
[/P ~ e. It follows by dominated convergence that (j8.7p tends to zero when e — )• 0. 
Now if ^0 ^ /t^ + [c^l + 1 for all local representations r/ = s"^ • • • s"""*""^ it follows 
that RfAu;(l) = 0. D 

9. Proofs of Theorems 11.11 and 12.11 and variations 

For the proof of Theorem II .11 besides the basic Lemma l8. II we also need 

Lemma 9.1. Assume that V C C^ is smooth, and let uj be a structure form on X. 
Then there is a number fi' such that Zq lo is almost smooth on X . 

Proof. Let r : X — ?• X be as in Proposition [331 Then uj := t*uj is a semimeromorphic 
form whose denominator locally is a monomial whose zeros are contained in T~^Xsing. 

Since V is smooth, Xsing C Xqo C {zq = 0}, and it follows that t*(zq )t*uj is smooth 

for some large enough number /i'. Hence Zq uj is almost smooth. D 

Proof of Theorem \l.l[ Let fj be the d-homogenizations of Fj, let R^ be the residue 
current constructed from the Koszul complex Ei , 6f generated by /i, . . . , /m, and let 
4> be the p-homogenization of $, where 

(9.1) p = max(deg<i> + (/^ + fio)d'^'^degX,dmm{m,n + 1) + i',d + k), 

where //q is chosen as in Lemma FS. It in particular, ^o = if X is smooth. Throughout 
this proof we will use the notation from Section [HI 

The assumption ()1.4p implies that ^'*(/> vanishes to order (fj, + Po)'''j on each Wj 
such that I'iWj) is not contained in Xoq. Now consider Wj such that iy{Wj) C Xoq. 
If Q is a first Chern form for 0{l)\x, e.g., Q, = dd'^log |zp, then di^ is a first Chern 
form for L = (D{d)\x on X (notice that d is the degree and not the differential). By 
(18.21) we therefore have that 





rj / (dnf'"^^^ < / (dn)'', 

JZj Jx 


which implies that 




(9.2) 


rj <d^°<^''"^^degX 



By the choice (j9.ip of p, (p is of the form Zq ^^ ^^ times a holomorphic section, 

and thus i'*(p vanishes to order at least {p, + po)rj on Wj for each j. Hence (18. Sp 
holds, cf., ()8.ip . and it follows from Lemma ISTTl that R^Aujcf) = 0. 

Since p > (imin(m,, n + l) + z^ it follows that, for 1 < A; < min(m,n+ 1), E^ ®0(p) 
is a direct sum of line bundles 0{ii), where ii > v. By Theorem 15.31 we therefore 
have a holomorphic solution to 5fq = (f) on X. By the definition oi k, q extends to a 
global section over P . After dehomogenization, part (i) of Theorem 11.11 follows . 
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For the second part choose p = max(deg<I> + p(F°°<lQgX + /x', dmin(m,, n + 1) + 
I/, d + k) , where p' is chosen as in Lemma 19.11 and let (j) and ^' be the p- and 
(deg$ + /i(i'^°°degX)-homogenizations of <I>, respectively. Then, by Lemma |9.H 

where /3 is almost smooth, and by (II. Sp and (19. 2p . 

(9.3) \^'\ < c\fr. 

Now take a smooth modification tt: X ^^ X such that /3 = vr*/3, where /? is smooth, 
and / = f^f, where f^ is a section of a line bundle and /' is nonvanishing. Then 
R-' Aujcj) is the push-forward under vr of a finite sum of currents like 

{7r*(j)')dj--Q—Asmooth, 

cf., (j8.4p . (j8.5p . and in view of ()9.3p they must vanish. Thus R-l^ A uj(j) = and (ii) is 
proved as (i). D 



If X = C" and m < n, then, cf., (j6.2p . there are no cohomological obstructions at 
all, and so we get the estimate (jl.7p . 

Remark 9.2. If 

(9.4) codim(Z-^nX^) >^ + ^ + l, ^ > 0, 

where X are as in Section 13.61 (thus either Xgi^g H Z^' = or m < n), then Theo- 
rem [LT] (i) holds with /Uq = 0. To see this, take p > deg<l> -|- pd'^°°degX in the proof 
of Theorem ll.il Then Rf(/) = on X^eg, and thus R^ A ucj) has support on Z-l" n X^. 
Since Rf A ujqcJ) has bidegree at most (n, /i) and codim [Z-f n X") > // -|- 1 by (|9.4p . it 
follows from the dimension principle that i?-^Aa;o0 = 0. Thus R^ /\ijJi(j) = R-^ Aa^ujQc/} 
vanishes outside X^, so again by ()9.4p and the dimension principle we find that 
Rf /\u}i(f) vanishes identically. By induction, Rf /\ui(f) = 0. D 



Example 9.3. In light of Example 2.3 of Kollar in [24] one can see that the power 
Coo in Theorem 11.11 cannot be improved: Let X = P" and let m be an integer with 
2 < m < n. Consider the m polynomials 

^d d-1 _ d ^y'^-'^ — y'^ y , y'^'^ — 1 

in C". The associated projective variety {zq = z\ = ■ ■ ■ = z„i-\ = 0} C X^ has 
codimension m, and hence Cqo = w,, cf., (II. 3p . It follows from Theorem 11.11 that 
we have a representation (II. ip with <I> = 1 and deg FjQj < md"^ (if d is not too 
small). However, if Qj are any polynomials so that (jl.ip holds with $ = 1, then by 
considering the curve 

one can conclude that Qi must have degree at least d^—d so that deg FiQi > d™. D 

In [3] is used a slight generalization of the Koszul complex to deal with a positive 
power J'j of J7/, cf. [15], p. 439]. The first mapping in the complex is the natural 
mapping E^^ — )• C induced by the fj. The associated residue current is the push- 
forward of currents like 

d Q j^ Asmooth 
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for i<k<fi + i — 1. By an analogous proof we get the following generalization of 
Theorem II. 1[ 



Theorem 9.4. With the notation in Theorem \l.l[ if 

locally on V, then <I> G {FjY o^i^d there are polynomials Qj such that 

h + - + Im=f. 

and 

deg{Fl^---F^Qi)< 

max((fe5$ + (/x + /io + ^ - l)d''^ degX,d{m.\n{m,n+ I) + I - I) + v,dl + k). 

There is also an analogous generalization of part (ii) of Theorem 11.11 

Proof of Theorem \2.1\ Choose p = max(deg<&+^(i'^°°degX, dmin(m,n+l)+i/, d+K). 
As in the proof of Theorem 11.11 let (f) be the p-homogenization of <1> and let W A u; 
be the residue current associated with the Koszul complex of the homogenizations 
fj of Fj, and make the decomposition 

(9.5) R^ ^Lo = lvR^ ^u: + '\.XooR^ ^^■ 

Since codimZ-' r\V >m, the duality principle for a complete intersection, cf., Sec- 
tion [331 implies that Rf (j) = in V^cg = ^ \ ^^ , and so ly R'^ /\'^a4> has support on 

zf nx^. 

Consider now the normalization of the blow-up v : X_|_ — )> X, and let R^ := ^ R^ 
be as in the proof of Lemma |8. 11 Let W be the union of the irreducible components 
of W = v^^Z^ that are contained in v^^X^o- We claim that 

(9.6) \x^R^ = v.{\w'R^)- 
In fact, by ([32]), 

(9.7) \x^R^ = z.*(l,-ix^i?+) = v,{l,-,x^{lw' + lw\W')R^)- 
By, (133D, l^-ix^^W'R'^ = ^wR""- Moreover, 

by the dimension principle since u^^X^ r\W\ W has codimension at least 2 in X^. 
In view of (j8.4|) we conclude that l^^-i x^'i-w\W'R~^ = 0; and so (|9.6p follows from 

dSZl). 

Claim. \xocR 4' vanishes outside X^ . 

In view of (j9.6p . the dimension principle, and (j8.4p it is enough to show that 
l\Y'R'^i^*(p vanishes in a neighborhood of each point x on W' where W and W 
are regular. Consider now such a regular point x on an irreducible component Wj of 
W'. In a neighborhood of x we have that f^ = s^^v, where s is a coordinate function 
and V is nonvanishing and rj is as in Section [51 By the choice of p, i'*(j) vanishes to 
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order (at least) iJ,d'^°° deg X on W and thus in view of ()9.2p it vanishes (at least) to 
order fj,rj on Wj and hence it has a factor s^"^^ . Now in a neighborhood of x 

- 1 - 1 

d , „r.^, = d—, — AsTnooth 



iP) 



0\k „kr 



S'^'o 



and it follows that it is annihilated by v*(j) for k < ^. Thus the claim follows in light 

of (naD. 

Summing up so far we have found, in view of (]9.5p . that Rf /\u}q(J) has support 
on Z^ n X^ . By (12.2p and the dimension principle we conclude that it vanishes 
identically, since the bidegree of R^ is at most (0,^). Thus R^ Auicj) = R^ Aa^ojocp 
vanishes outside X^ , and by (I2.2p and the dimension principle, it vanishes identically. 
By induction, it follows that R^ Auji4> = for each £. We conclude that R-l^ Aucj) = 0. 
Now the theorem follows from Theorem 15.31 as in previous proofs. D 

10. Proofs of Theorem 11.41 and variations 
We first look at the case when X is smooth, which is due to Ein-Lazarsfeld |15j . 

Theorem 10.1. Let X he a smooth projective variety, let L ^ X he an ample line 
hundle, and let A ^ X is a line hundle that is either ample or hig and nef. Moreover, 
let fi, . . . , fm he glohal holomorphic sections of L, and let (f) he a glohal section of 

L®' ®Kx®A, 

where s > min(m, n + 1). If 

(10.1) \^\<c\fr 

on X, then there are holomorphic sections Qj of L'^(*~^) (g) Kx 'S' A such that 
(10.2) fiqi + --- + fmqm = <p. 

Let Jf be the ideal sheaf generated by fj and assume that the associated distin- 
guished varieties Zk have multiplicities r^, cf., Section El If (j) vanishes to (at least) 
order r^^J- at a generic point on Z^ for each k, then (110. ip holds, cf.. Section [HI and 
thus we have 

Corollary 10.2. If (f) vanishes to order r^fi at a generic point on Z^, for each k, 
then we have a representation (jl0.2p . 

This corollary is precisely part (iii) of the main theorem in [15| p. 430], except for 
that we have /xr^ rather than (n + l)rfc, cf., the discussion in Remark 11.21 Recall 
from Section [8] that one can estimate the multiplicities r^; for instance r^ < deg^X, 
see dS^D- 

One can also have a mixed hypothesis, and for instance assume that (110. ip holds 
outside a hypersurface H and that </> vanishes to order /^r^ on each distinguished 
variety Z^ contained in H; this would lead to an "abstract" Hickel theorem. 

Proof of Theorem \10.1\ Equip L with a Hermitian metric, let Ei , 5f be the Koszul 
complex generated by /i, . . . , /„, as in Example 13. 11 tensorized with L®* ® A® Kx-, 
and let R^ be the associated residue current on X. From the hypothesis (jlO.ip 
and Lemma 18.11 we conclude that R^ (f) = 0- The bundle -E^ is a direct sum of 
line bundles L®^'^~ ' ® A (^ Kx and so all the relevant cohomology groups ()5.ip 
vanish by Kodaira's vanishing theorem, or, at the top degree, by the Kawamata- 
Viehweg vanishing theorem if A is nef and big. Thus Theorem 110.11 follows from 
Proposition 15.11 D 
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Proof of Theorem \1.4\ Let Ei,6f be the Koszul complex generated by /i,...,/m 
tensorized with L®*. The choice of s guarantees that ()5.ip is satisfied and thus by 
the same arguments as in the proof of Theorem l5.3l (ii) we get the desired holomorphic 
solution to (11.91) as soon as we have a smooth solution to 



(10.3) VfW = (j) 

on X. Hence to prove the theorem it suffices to show that there is a ^q such that 
we can find a smooth solution to (jlO.Sp for each global section (j) of L®^ that satis- 
fies (II. Sp . The strategy will be to follow and further elaborate the proof of Theo- 
rem 15.31 (i) . Note that we cannot apply Theorem 15.31 (i) directly since a priori L and 
the sections fj are only defined on X. 

We first claim that there is an embedding i: X ^ Y into a smooth projective 
manifold Y and a line bundle L — )■ y such that L = L|x, i-e., L = z*L. In fact, if M 
is large enough, there are embeddings iji X ^ P^^, j = 1,2, such that C'(l)pjvi \x = 
L^ and 0{l)^N^\x = i*^+^. If vr ^ : P^i x P^^ ^ P^i, then L := 7r^O(l)piV2 
7r*C'(— l)pjvi is a fine bundle over Y := P^i x P^^ ^j^^ j^g restriction to X ~ AxxX C 
Y is precisely L. This argument was recently communicated to us by R. Lazarsfeld. 
Let 0{E^),g be a Hermitian resolution of O^ j Jx in Y as in Section [3.41 

In general we cannot assume that the fj extend holomorphically to Y nor even 
to a neighborhood of X in Y . However, let E^,h be a complex that is isomorphic 
to but disjoint from E^,g. In view of Lemma |5.6^ we can choose smooth V/j-closed 
extensions fj G (BiSo^i{E^ ^L) of fj to Y, as defined in Section [5l Let E^, . . . , E"^ be 
trivial line bundles as in Example 13. H with basis elements ei, . . . ,em, respectively, 
and let / be the section / := fjC* of E!^ ^ E* , where E := ©JLiL"^ (g) E^ and e* 

are the dual basis elements. Note that each fj has even degree so that / has odd 
degree. 

Inspired by Example 13.11 we want to construct a Koszul complex of / as an exten- 
sion of Ei,Sf and an associated residue current. In order to do this we will need to 
take products of sections of Ej^. We therefore introduce E^ := Ufc>i(-^«)'^'^- Since 
Eq is the trivial line bundle, {E^)®'^ is a natural subcomplex of (£'^)®('^+i) and 
thus the definition makes sense. In fact, our objects will all take values in (£", )®". 
Next let J? : E^ ® A^E -^ E^ ® A^~^E be contraction with /, i.e., for a section 
C = E/={n,...,i,}6 A e/, with ^j G E^ and ej = e.^ A • • • A e^,, of E^ O A'^E, 

As long as we restrict to X we can write / = f — f , where / := Yl fj^*j ^^^ f ^^^ 
positive form degree. Let 5f' be defined analogously to 5? and let a be the section of 
E over X \ Z of pointwise minimal norm such that 5fa = 1 there, cf. Example 13.11 
Then 

6?a = 5 fa — 5 fa = 1 — ^fa 
on X\Z. Notice that 5f'a has even degree, and form bidegree at least (0, 1), so that 

1 



1 — 6f'a 



1 + 5f>a + (SfaY H h (i^/'cr)" 
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is a form on X \ Z with values in E^ ® A*E. Let a := 0"/(l — 6f'(j) on X \ Z; then 
6 fa = 1 on X \Z. Next, let 

cf., Example lS.ll and jT]. Note that 6? anti-coniniutes with (the extension to E^i^K'E 
of) V/i, i.e., (5? o V/i = — V/i o 87. It follows that [5f + VhY — ^-^d so 

(5_^- + Vft)u = 1 

on X \ Z, cf. Section 13.21 

Let W be the residue current associated with the resolution 0{E^),g and let uj 
be an associated structure form. Recall from Section 13.61 that if a is a sufficiently 
smooth form on X, then a A i?^ is a well-defined in Y; in particular, x(|/p/e)nAi?^ 
is a well-defined current in Y with values in E^ ® h*E (i^ E^. Letting 

V = g + 6j + Vh = g + Sj + h-d, 

note that 

(10.4) V(x(|/|Ve)^Ai?3 + C/9) = / - R'ARS, 

where R' = I - x{\f\Ve)I + BxUfWe) A u. 

We claim that x(|/P/e)'U'^^^ has a limit when e — ?> 0. To see this, recall from Sec- 
tion l3.6| using the notation from that section, that x(|/P/e)^Ai?^Ai7 = z*(x(|/P/e)'uAa;) 
Next, notice that 

n 

(10.5) aAi-Vh^)''-^ = aA{daf-^ A ^c^(<5//a)^ 

for some numbers c^, since cjAo" = and a has degree in E^. Let vr : X — )• X be a 
smooth modification such that tt*oj is semimeromorphic and 7r*(T is of the form a' / f^ , 
cf. Section [8l Then it*u is a finite sum of terms ^k/{f^)^ ■, where 7^ are smooth, and 
hence \mi^^Q-K*{x{\f\'^ /^)f\uf\^) exists, see, e.g., Il2j. Since i? is nonvanishing it 
follows that the limit of x(j/P/e)'uAi?^ exists. 
Let 

UAR3 = lim x{\f?h)u^R\ RAR^ = lim R'AR^. 

Then 

V{UAR9 + m) = I- RAR3, 

and if <^ is a smooth V^-closed extension of (p as in Lemma [5. 61 (regarded as a section 
of L'^'(g)E^ 0A'E(g,E^), it follows that 

(10.6) V{{UAR^ + U^)A^) = $ 
in Y as soon as 

(10.7) RAR^ = 0, 

since, as was noted in the proof of Lemma 15.61 i?^A$ = R^(p. 

We claim that there is a //Q) only depending on X, such that (jl0.7p holds as soon as 
(f> satisfies ^M)- Note that (fTOTl) is equivalent to that RAR^AQcJ) = hm.^o uiR^Aujcp) 
vanishes. Let r : X — )■ X be a smooth modification as in Proposition 13. 5| so that 
locally T*uj = '^"^"j'l , where s°'~^^ is a local representation of the section 77, as in the 
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proof of Lemma l8. 11 Following that proof, the action of R^Auj(j) on a test form is a 
sum of integrals like (suppressing r* for simplicity) 

(10.8) / '^^^•••^'^" Aani^-Me), 

Jx Si ■ ■ ■ Sn 

where ^ is smooth. As in the proof of Lemma [8. II it is enough to consider components 
of X where / does not vanish identically. Also, as in the proof of Lemma l8.ll dfR'' 
has a certain homogeneity that increases with i. Indeed, in view of (jlO.Sp . R^ is a 
finite sum of terms like 

%(l/lVe)AaA(9a)^-iA(/.a)^ 

where k + j < n for degree reasons; recall that /' has form degree at least (0,1). 
Now, if we take a smooth modification tt : X —^ X such that tt*/ is principal, then 
7r*a = smooth/ f^, vr* f^o") = smooth/ (f^)"^ and following [71 Section 4] we get 

that TT*{diR') is like l/(/0)"+KI+i with support where l/p ~ e, cf., the proof of 
Lemma |8. 11 As in that proof, choose piQ > n + \a\ + l for all local representations 
?7 = s"+i and assume that (j) satisfies dTHD- Then |9f(/)| < CI/l^+l^hKI+i, cf. the 
proof of Lemma [8. 11 Now by dominated convergence ()10.8|] tends to zero when e ^ 0, 
and since the choice of /io only depends on the section r] and n the claim follows. 

To sum up so far, there is a /xq such that if cj) satisfies (|1.8p . we have a current 
solution (jl0.6p to V^ = $. By a slight modification of Proposition 13.41 we also have 
a smooth solution. To see this, let E^ = A*E Ei and let Ad, and Ad^ be defined 
as in Section 13.31 but for the complex E^ instead of Ei . Then we have the double 
complex 

Bt,k = ®foAEf+k ® Ef) =: Mk{Ef) 
with mappings Vh'- Bi,k — ^ Be,k-i and F := g + 6?: Bi^k — > •S^-i./t; indeed note that 
Vh o F = —F o Vh- If Bj := ©^_|_;;=j Bi^k we get the associated total complex 

... — > Bj — > Bj-i — > ... , 

with V as in (fTOl]) . Analogously let ^1;^ = ®j£oj{Ef^^ ® E[) =: Ml{Ef) with 

total complex B^. Moreover, let B,{X) and B^{X) be the associated complexes of 
global sections. Note that we have natural mappings 

(10.9) W{Bl{X))^W{B.{X)), jGZ. 

PropositionlOlimphes that the natural mappings H^{Mi{X, Ef)) -^ H^{M,{X, E[)) 
are isomorphisms. Now, by repeating the proof of Proposition 13.41 with M,, A4,, 
Co,,, and fo,, replaced by B,, B^, Ai,, and A^f , respectively, using that the double 
complex Be^k is bounded in the ^-direction, we can therefore prove that the mappings 
(110. 9p are in fact isomorphisms. Hence the current solution (110. 6p gives a smooth 
solution to V* = ^. 

Let lower indices {i,j,k) denote components in L'^'' (^ E^ A.^ E (8) E^. Then 
^ = *^o,o,o + *^o,o,i + ■ ■ ■ + ^o,o,ni where ^ofi^k has form bidegree (0, k). Notice that 
we have the decomposition / = /o — /' in Y, where /o denotes the 0-component of 
/ and hence is a smooth extension of / to y. It follows that 

(10.10) /i^i,o,o + 5/0^0,1,0 + 9^0,0,1 = ^0, 

/l^lj- + (^/o^Oj+1,0 + ff^OjM - 5^oj,o = 0, j > 1. 
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Indeed, note that dji'^i^j^k has positive degree in E^ for all nonvanishing ^i,j,fc. 
Since ^ is smooth, we can define the smooth forms Wj := z*^o,j,o on X. Note that 
L®"* (S) A^E\x = -EJ, so that Wj takes values in E^ . Since 5^0,^,1 = S'^^o.i.i and 
h^ijfi = h^^i,j,o are in Jx, (|10.10p implies 

SfWi = (/), 6fWj+i - BWj = 0, j> 1. 



Thus we have shown that there is a //q such that if (p satisfies (ll.Sp , then we get a 
smooth solution to ()10.3p : this concludes the proof. D 

Remark 10.3. If if EJ^,h is a Koszul complex, then we just simply take S, = -E,, 
since he desired "product" already exists within E,. D 

In analogy with Theorem 19.41 we also have the following generalizations of Theo- 
rems 110.11 and 11.41 



Theorem 10.4. With the notation in Theorem \10.1\ if cj) is a section of L'^^^Kx^A, 
where s > min(m, n + 1) + ^ — 1, and 

101 < c\fr^'-\ 

there are holomorphic sections qj of L®y^~^) (g) Kx ® A, such that 

(10.11) <P= Y. ft---ftqi- 

h + - + Im=i 

With the notation in Theorem \1.4\ if (p is a section of L®'^ with s > I'L+mm^m, n+ 
1) + i — 1 such that 

\(l)\ < c7|/[w+M+«-i^ 

then there are holomorphic sections qj of L'^y'^^^' such that (jlO.lip holds. 
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